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SEIFERT SURFACES IN OPEN BOOKS, AND PASS MOVES ON
LINKS
SUSUMU HIROSE AND YUUSUKE NAKASHIMA
Abstract. The flat plumbing basket presentation of a link is introduced by Furi-
hata, Hirasawa and Kobayashi. In this paper, we show that the pass-equivalence
and an equivalence introduced by using the flat plumbing basket presentation are
the same relation. Furthermore, we obtain an evaluation of the minimal number
of bands used for the flat pluming basket presentation for a knot coming from the
degree of the Alexander polynomial and the three genus of the knot.
1. Introduction
The trivial open book decomposition O of the 3-sphere S3 is a decomposition of S3
into infinitely many disks (called pages) sharing their boundaries. In [1], a concept
of positions of Seifert surface called the flat plumbing basket associated to O are
introduced and investigated. A Seifert surface of a link is said to be a flat plumbing
basket if it consists of a single page of O and finitely many bands that are embedded
in distinct pages. We say that a link L admits a flat plumbing basket presentation if
there is a flat plumbing basket F such that ∂F = L. We obtain a flat plumbing basket
by attaching bands b1, b2, . . . , bn from the bottom to the top on the positive side of a
disk. By projecting the bands on the disk, we obtain a flat basket diagram D which
is a pair consisting of a disk D and a union of properly embedded arcs a1, a2, . . . , an,
where ai is the core of the image of bi. We call the subscript i of ai the label of the arc.
The following theorem assure that any link is presented by a flat plumbing diagram.
Theorem 1.1. [1] Any link admits a flat plumbing basket presentation.
Figure 1.
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Let D be a diagram obtained from a flat plumbing diagram D by forgetting the
indices. We call D a underlying diagram of D. Two links L and L′ are f.p.b.-equivalent
if there is a sequence of links L0, L1, . . ., Ln such that L0 = L, Ln = L
′, and there are
flat plumbing diagrams Di and Di+1 of Li and Li+1 respectively such that Di = Di+1.
The local transformation on link diagrams indicated in Figure 1 is called passmove.
Two links L and L′ are pass-equivalent [2] [5] if we apply a finite pass moves on L
then we obtain L′. We show:
Theorem 1.2. Two links L and L′ are f.p.b.-equivalent if and only if L and L′ are
pass-equivalent.
We define the flat plumbing basket number of a knot K, denoted by fpbk(K), to
be the minimal number of bands to obtain a flat plumbing basket surface of K. For
a flat basket diagram D, by recording the labels of the arcs as one travels along
∂D according to counterclockwise orientation, one obtain a word W in {1, 2, . . . , 2n}
beginng from the letter 1 such that each letter appears exactly twice. We call W a
flat basket code for D. We introduce a method to obtain the Seifert matrix for the
flat plumbing basket, and show:
Theorem 1.3. Let K be a non-trivial knot, ∆K(t) be the Alexander polynomial of K,
deg∆K(t) = (the maximal degree of ∆K(t)) − ( the minimal degree of ∆K(t)), a be
the leading coefficient of ∆K(t), and g(K) be the minimal genus of the Seifert surface
(i.e. three genus) of K. Then fpbk(K) is evaluated as follows:
(1) If a = ±1 then fpbk(K) ≥ max{2g(K) + 2, deg∆K(t) + 2},
(2) If a 6= ±1 then fpbk(K) ≥ max{2g(K) + 2, deg∆K(t) + 4}.
Remark 1.4. (a) For a general knot K, 2g(K) ≥ deg∆K(t). However if K is alternat-
ing [4] or the minimal crossing number of K is at most 10, then 2g(K) = deg∆K(t).
Therefore if such a knot has non-monic Alexander polynomial as in (2), we have
fpbk(K) ≥ deg∆K(t) + 4 > 2g(K) + 2. For example, g(52) = 1 and ∆52(t) =
−2t2 + 3t− 2. By the above Theorem fpbk(52) ≥ max{4, 6}, namely we found a flat
plubming basket for 52 whose number of bands is 6.
(b) The flat plumbing basket number is not additive under connected sum. For ex-
ample, fpbk(31) = fpbk(3
∗
1) = 4, but fpbk(31#3
∗
1) ≤ 6 as shown on the left of Figure
11.
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2. Obtaining a flat plumbing basket presentation
from a Seifert surface
In [1], Theorem 1.1 is proved and an algorithm to obtain a flat basket code from
a closed braid presentation of a link is introduced. In this section, we obtain a flat
plumbing basket presentation of a link by using a certain canonical form of the Seifert
surface of the link.
. . . . . .
. . . . . .
B1 B2 B2  -1g B2  g B2  +1g B2  +  -1g r
Figure 2.
Figure 3.
In general, a Seifert surface S of a link L with r components is constructed from a
2-disk D by attaching 2g + r − 1 bands B1, . . . , B2g+r−1 as shown in Figure 2. The
bands Bi can be knotted, linked and twisted. By deforming the twists of the bands
Bi as shown in Figure 3, we make the bands Bi untwisted. We project this Seifert
surface on the x-y plane such that the image of the 2-disk D is {(x, y) ∈ R2 | 0 ≤
x ≤ 1,−1 ≤ y ≤ 0}, and, in order to simplify our arguments and figures, indicate the
bands by the core curves of bands with some normal crossings. We call this projection
of S the normal form of S.
We isotope S such that the image of its projection onto x-y plane satisfy:
(1) The image of bands are the union of lines parallel to the x-axis or y-axis. For
short, we call the line parallel to the x-axis (resp. y-axis) the x-line (resp. the y-line).
(2) On each crossing of the image of bands, the over-crossing is on the x-line and the
under-crossing is on the y-line.
(3) The x-coordinates of the y-lines are distinct, and the y-coordinates of the x-lines
are distinct.
For (2), we often use the deformation in Figure 4.
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Figure 4.
There are four types (a), (b), (c) and (d) of x-lines according to the positions of
adjacent y-lines as shown in Figure 5. If all x-lines are type (a), then this surface S is
a flat plumbing basket. If there are some x-lines which are not type (a), then we alter
S as shown in Figure 6. By this alteration, the genus of S is increased by one, but
∂S = L is not changed. We call this operation push-down. After we alter all part of
x-lines where adjacent y-lines go above by push-downs, we get a flat plumbing basket
of L.
Figure 5.
Figure 6.
3. Proof of Theorem 1.2
For two links L and L′, if there are flat basket diagram D and D′ for L and L′
respectively such that D = D′, then L and L′ are pass-equivalent. This means that if
L and L′ are f.p.b.-equivalent then L and L′ are pass-equivalent.
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Kauffmann(knot case) [2], Murakami and Nakanishi (link case) [5] showed the fol-
lowing theorem:
Theorem 3.1. [2] [5] Any link is pass equivalent to the one of the following links,
In : a trivial link with n components,
IIn : a split sum of a trefoil knot and In−1,
IIId,n : a link shown in Figure 7.
Figure 7.
In order to show that if L and L′ are pass-equivalent then L and L′ are f.p.b.-
equivalent, we show:
Lemma 3.2. Any link is f.p.b-equivalent to In, IIn or IIId,n.
Figure 8.
Proof. At first, we observe that if there are Seifert surfaces S and S ′ of normal form
for L and L′ respectively such that S is obtained from S ′ by a crossing change at a
pair of bands of S, then L and L′ is f.p.b.-equivalent. We deform S such that the
projection of S satisfies the conditions (1) (2) and (3) in §2. Let Q be a crossing point
where we should change crossing in order to obtain S ′. We perform push-downs as
explaind in §2 and obtain a flat plumbing basket S1 for L. Let H be the x-line in
the projection image of S1 which contains Q. We choose points Pl1 , Pl2 , Pr1, Pr2 on
H such that Pl1, Pl2 , Q, Pr1, Pr2 are on H in this order from the left to the right and
there is no crossing between Pl1 and Pr2 except Q. We push-down the two lines on
H between Pl1 , Pl2 and between Pr1 , Pr2, then we get a flat plumbing basket S2 for L
(see Figure 8). Furthermore, a surface S ′2 obtained by changing the crossing Q is a
flat plumbing basket for L′. Therefore, L and L′ are f.p.b.-equivalent.
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Figure 9.
Let L be a link and S be a Seifert surface for L of normal form. By changing
crossings of bands in S, bands in S are untangled. By changing crossings of bands
as is indicated in Figure 9, times of curls of bands in S are changed to 0 or 1. By
the observation in the previous paragraph, we see that L is f.p.b.-equivalent to the
boundary of the boundary connected sum of the sufaces shown in Figure 10. Since
(a) (b) (c) (d) (e)
Figure 10.
the boundaries of (a) and (b) are trivial knot, we remove these part by the isotopy of
L. If there is a pair of (c), then L contains 31#31 in its connected sum decomposition.
By changing the crossing of bands in one of the pair of (c), 31#31 is altered to 31#3
∗
1.
Figure 11 indicate that 31#3
∗
1 is f.p.b.-equivalent to the trivial knot. Therefore, L is
Figure 11. 31#3
∗
1 is f.p.b.-equivalent to the trivial knot.
f.p.b.-equivalent to one of the links listed in Figure 12. Figure 13 shows that (iv) is
f.p.b.-equivalent to (iii). Hence, we consider (i) (ii) and (iii). The boundaries of (i)
and (ii) are In and IIn respectively. The boundaries of (iii) is IIId,n, if (*) is odd. If
(*) is even, we change crossing of bands as shown in Figure 14 and deform as shown
in Figure 15, then (*) is changed to odd. 
4. Alexander polynomial and flat plumbing basket number
In this section, we introduce a method to obtain the Seifert matrix of the flat
plumbing basket and the Alexander polynomial of the link from the flat basket code,
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Figure 12.
Figure 13.
Figure 14.
and prove Theorem 1.3 on a lower bound for the flat plumbing basket number fpbk(K)
of K coming from the Alexander polynomial of K and the three genus of K.
We review the definition of the Seifert matrix and the Alexander polynomial. Let
S be a Seifert surface for a knot K, and {k1, . . . , k2n} be a basis for H1(S,Z). Let
vi,j = Link(k
+
i , kj), where k
+
i is a cycle in S
3 obtained by pushing ki into S
3\S by the
positive normal direction of S, and Link is the linking number. The 2n× 2n matrix
V = (vi,j) is the Seifert matrix of S. The polynomial ∆K(t) = det(V − tV
T ), where
V T is the transpose of V , is the Alexander polynomial of K.
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Figure 15.
Let F be the flat plumbing basket whose flat basket code is a wordW in {1, 2, . . . , 2n},
pi be a point on ∂D corresponding to the former i in W and qi be a point on ∂D
corresponding to the latter i in W . We define a cycle ki on F to be constructed from
the line on D oriented from qi to pi and a core arc of bi oriented from pi to qi. Then
{k1, . . . , k2n} is a basis of H1(F,Z). We see:
Lemma 4.1. Let W be a flat basket code, F be a flat plumbing basket whose flat basket
code is W , and {k1, . . . , k2n} be a basis of H1(F,Z) given above. Then the (i, j)-entry
vi,j of the Seifert matrix V of F is determined as follows.
We assume that i < j.
(1) If W = (· · · i · · · j · · · j · · · i · · · ) then vi,j = 0 and vj,i = 0.
(2) If W = (· · · i · · · j · · · i · · · j · · · ) then vi,j = 0 and vj,i = −1.
(3) If W = (· · · i · · · i · · · j · · · j · · · ) then vi,j = 0 and vj,i = 0.
(4) If W = (· · · j · · · i · · · i · · · j · · · ) then vi,j = 0 and vj,i = 0.
(5) If W = (· · · j · · · i · · · j · · · i · · · ) then vi,j = 0 and vj,i = 1.
(6) If W = (· · · j · · · j · · · i · · · i · · · ) then vi,j = 0 and vj,i = 0. 
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Proof of Theorem 1.3. By the definition of ∆K(t),
∆K(t) =
∣
∣
∣
∣
∣
∣
∣
∣
0 −v21t −v31t · · · −v2n,1t
v21 0 −v32t · · · −v2n,2t
...
...
...
. . .
...
v2n,1 v2n,2 v2n,3 · · · 0
∣
∣
∣
∣
∣
∣
∣
∣
Let S2n be the symmetric group of degree 2n, ǫ(σ) be the signature of σ ∈ S2n, and
aij be the (i, j)-th entry of V − tV
T . Then ∆K(t) = Σσ∈S2nǫ(σ)a1σ(1)a2σ(2) · · · a2nσ(2n).
This show that the degree of ∆K(t) is at most 2n − 1 and at least 1, and the term
with degree 2n − 1 is −v21v32 · · · v2n,2n−1v2n,1t
2n−1 and the term with degree 1 is
−v21v32 · · · v2n,2n−1v2n,1t. Since vij = 0 or ±1, the term of ∆K(t) with degree 2n − 1
should be 0 · t2n−1 or ±1 · t2n−1. Therefore, if the term of ∆K(t) with maximal degree
is not ±tk then the maximal degree is at most 2n − 2 and the minimal degree is at
least 2, hence deg∆K(t) ≤ 2n− 4.
On the other hand, the cycle k1 bounds a disk D1 whose interior is disjoint from
the flat plumbing basket F , and we can compress F along D1. Therefore, we see
2g(K) + 2 ≤ fpbk(K). 
The following table lists flat basket codes for all the prime knots of at most 9
crossings and the evaluation of the flat plumbing basket numbers of knots obtained
by the flat basket codes and Theorem 1.3. For reference, the three genera g(K) are
on the table (see for example a comment on Table 2 in p.254, and F.3 begins from
p.270 of [3]). The numbering of the knots follows that of [6]. We remark by the
bullet • the knot which corresponds to the case (2) of Theorem 1.3 and max{2g(K)+
2, deg∆K(t)+4} = deg∆K(t)+4 (see (c) of Remark 1.4). We remark by the asterisk
* that the flat plumbing basket number for 924 was determined by Mika Aoki, who
was an undergraduate student advised by Tsuyoshi Kobayashi, and by the double
asterisk ** that the flat plumbing basket number for 929 was determined by Mikami
Hirasawa.
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Knot K Flat basket code of K g(K) fpbk(K)
31 (1,2,3,4,1,2,3,4) 1 4
41 (1,2,4,3,1,2,4,3) 1 4
51 (1,2,3,4,5,6,1,2,3,4,5,6) 2 6
52 (1,2,3,5,6,4,5,6,1,2,3,4) 1 6 •
61 (1,2,3,1,2,4,6,5,3,4,6,5) 1 6 •
62 (1,2,3,4,6,5,1,2,3,4,6,5) 2 6
63 (1,2,3,6,5,4,1,2,3,6,5,4) 2 6
71 (1,2,3,4,5,6,7,8,1,2,3,4,5,6,7,8) 3 8
72 (1,2,8,1,4,5,6,3,4,5,6,7,2,3,7,8) 1 6 - 8 •
73 (1,3,2,1,8,7,6,5,4,3,8,7,6,5,4,2) 2 8 •
74 (1,6,3,1,6,2,7,4,3,2,7,8,5,4,8,5) 1 6 - 8 •
75 (1,2,3,4,7,8,5,6,7,8,1,2,3,4,5,6) 2 8 •
76 (1,2,3,5,6,4,1,2,3,5,6,4) 2 6
77 (1,2,4,3,6,5,1,2,4,3,6,5) 2 6
81 (1,3,8,2,1,5,6,4,5,6,7,3,4,7,8,2) 1 6 - 8 •
82 (1,2,3,4,5,6,8,7,1,2,3,4,5,6,8,7) 3 8
83 (1,2,5,3,1,4,6,2,5,4,6,3) 1 6 •
84 (1,2,3,4,7,5,1,2,7,8,6,3,4,5,8,6) 2 8 •
85 (1,2,8,7,6,5,1,4,3,2,8,7,6,5,4,3) 3 8
86 (1,2,3,4,5,1,2,6,8,7,3,4,5,6,8,7) 2 8 •
87 (1,8,7,6,3,4,5,2,1,8,7,6,3,4,5,2) 3 8
88 (1,4,3,2,1,8,5,6,7,4,3,8,5,6,7,2) 2 8 •
89 (1,2,3,4,8,7,6,5,1,2,8,7,6,3,4,5) 3 8
810 (1,2,3,8,7,6,1,2,5,4,3,8,7,6,5,4) 3 8
811 (1,2,3,5,4,7,8,6,7,8,1,2,3,5,4,6) 2 8 •
812 (1,2,4,6,5,3,1,2,4,6,5,3) 2 6
813 (1,4,3,2,1,6,7,8,5,6,4,7,3,8,5,2) 2 8 •
814 (1,2,4,3,7,8,5,6,7,8,1,2,4,3,5,6) 2 8 •
815 (1,2,3,4,1,2,5,6,7,3,4,8,5,6,7,9,10,8,9,10) 2 8 - 10 •
816 (1,2,3,4,5,8,7,6,1,2,3,8,4,7,5,6) 3 8
817 (1,5,6,7,8,4,3,2,1,5,4,6,7,3,8,2) 3 8
818 (1,2,3,4,8,7,6,5,1,2,8,3,7,4,6,5) 3 8
819 (1,3,2,1,10,9,8,7,6,5,4,10,9,8,7,3,6,5,4,2) 3 8 - 10
820 (1,2,3,6,5,1,6,4,5,2,3,4) 2 6
821 (1,2,3,5,6,1,2,4,5,6,3,4) 2 6
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Knot K Flat basket code of K g(K) fpbk(K)
91 (1,2,3,4,5,6,7,8,9,10,1,2,3,4,5,6,7,8,9,10) 4 10
92 (1,2,4,1,2,10,7,8,9,10,7,8,5,6,9,5,3,4,6,3) 1 6 - 10 •
93 (1,3,2,1,10,9,8,7,6,5,4,3,10,9,8,7,6,5,4,2) 3 10 •
94 (1,3,4,1,3,10,5,6,7,8,9,10,5,6,7,8,2,4,9,2) 2 8 - 10 •
95 (1,2,10,7,6,2,10,3,8,7,3,4,9,8,4,9,5,1,6,5) 1 6 - 10 •
96 (1,2,3,4,5,6,9,10,7,8,9,10,1,2,3,4,5,6,7,8) 3 10 •
97 (1,2,3,4,6,7,8,5,6,9,10,7,8,9,10,1,2,3,4,5) 2 8 - 10 •
98 (1,5,3,4,1,2,6,7,8,5,2,6,7,8,3,4) 2 8 •
99 (1,2,3,4,5,9,10,6,7,8,9,10,1,2,3,4,5,6,7,8) 3 10 •
910 (1,3,2,1,10,9,8,10,9,7,6,5,4,3,8,7,6,5,4,2) 2 8 - 10 •
911 (1,8,7,6,3,5,4,2,1,8,7,6,3,5,4,2) 3 8 •
912 (1,2,3,7,4,6,1,2,3,7,4,8,5,6,8,5) 2 8
913 (1,3,2,1,10,9,8,7,6,10,9,8,7,5,4,3,6,5,4,2) 2 8 - 10 •
914 (1,4,5,8,6,2,7,3,2,7,1,4,5,8,6,3) 2 8 •
915 (1,4,3,2,1,8,5,7,6,4,3,8,5,7,6,2) 2 8 •
916 (1,6,5,4,3,2,1,10,9,8,7,6,5,4,10,9,8,7,3,2) 3 10 •
917 (1,3,4,5,6,8,7,2,1,3,4,5,6,8,7,2) 3 8
918 (1,2,3,4,1,2,3,5,6,7,8,4,5,6,7,9,10,8,9,10) 2 8 - 10 •
919 (1,7,2,3,1,7,2,4,5,8,6,3,4,5,8,6) 2 8 •
920 (1,2,3,4,8,5,6,7,1,2,3,4,8,5,6,7) 3 8
921 (1,5,4,7,3,2,8,6,1,8,6,5,4,7,3,2) 2 8 •
922 (1,7,6,4,5,3,2,8,1,4,7,6,5,3,2,8) 3 8
923 (1,2,3,4,1,2,3,5,6,7,8,4,5,6,9,10,7,8,9,10) 2 8 - 10 •
924 (1,2,4,7,3,6,5,8,1,2,7,6,4,3,5,8) 3 8 *
925 (1,3,4,8,1,9,2,3,5,9,2,6,10,7,5,6,10,7,4,8) 2 8 - 10
926 (1,5,6,8,7,4,3,2,1,5,6,8,7,4,3,2) 3 8
927 (1,5,6,7,4,3,2,8,1,5,6,7,4,3,2,8) 3 8
928 (1,6,2,3,5,4,7,8,1,6,5,2,3,4,7,8) 3 8
929 (1,2,7,3,5,4,6,8,7,1,2,3,5,6,8,4) 3 8 **
930 (1,4,5,7,6,3,2,8,1,7,4,5,6,3,2,8) 3 8
931 (1,4,5,6,3,2,7,8,1,4,5,6,3,2,7,8) 3 8
932 (1,3,4,8,7,2,1,6,5,3,4,8,7,6,5,2) 3 8
933 (1,3,7,4,6,5,2,8,1,7,6,3,4,5,2,8) 3 8
934 (1,10,4,3,2,1,10,6,9,4,7,11,5,6,7,11,3,5,12,8,9,12,8,2) 3 8 - 12
935 (1,3,7,1,8,2,4,8,2,6,9,5,6,9,10,3,4,5,10,7) 1 6 - 10 •
936 (1,8,7,6,3,2,5,4,1,8,7,6,3,5,4,2) 3 8
937 (1,7,2,4,6,5,1,7,2,8,3,4,8,3,6,5) 2 8 •
938 (1,2,5,6,1,2,7,8,3,4,5,9,10,6,7,8,9,10,3,4) 2 8 - 10 •
939 (1,8,2,9,5,7,3,4,2,9,5,10,6,4,10,6,7,1,8,3) 2 8 - 10 •
940 (1,2,3,11,10,12,4,6,5,10,12,7,1,4,6,9,8,7,9,8,2,5,3,11) 3 8 - 12
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Knot K Flat basket code of K g(K) fpbk(K)
941 (1,5,8,2,7,8,2,4,3,6,7,9,5,4,3,6,10,1,9,10) 2 8 -10 •
942 (1,3,2,6,5,1,6,4,5,3,2,4) 2 6
943 (1,5,4,3,2,1,5,4,9,10,8,7,6,9,10,8,3,7,2,6) 3 8 - 10
944 (1,2,3,5,1,6,8,7,6,8,4,5,2,7,3,4) 2 6 - 8
945 (1,2,4,5,7,8,3,6,7,8,1,2,4,5,3,6) 2 6 - 8
946 (1,3,6,1,4,5,3,2,4,6,2,5) 1 6 •
947 (1,3,2,7,6,5,4,8,1,3,7,6,2,5,4,8) 3 8
948 (1,4,3,6,5,2,1,4,3,6,5,2) 2 6
949 (1,4,3,10,9,8,7,6,10,9,5,8,7,4,3,6,2,1,5,2) 2 8 -10 •
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